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THE OPTIMAL SYMMETRIC QUASI-BANACH RANGE OF THE
DISCRETE HILBERT TRANSFORM
K. TULENOV
Abstract. We identify symmetric quasi-Banach range of the discrete Caldero´n
operator and Hilbert transform acting on a symmetric quasi-Banach sequence
space. As an application we present an example of optimal range in the case
when the domain of those operators is the weak-ℓ1 space of sequences.
1. Introduction
In this paper, we consider symmetric sequence spaces (see [10, 11] and Defi-
nitions 2 below). Our study concerns the behavior of discrete Caldero´n operator
and Hilbert transform on such spaces and is motivated by the following connected
problem.
Problem 1. Given a symmetric quasi-Banach sequence space E = E(Z), determine
the least symmetric quasi-Banach sequence space F = F (Z) such that Hd(E) ⊆ F,
where the Hilbert transform Hd is given by the formulae
(Hdx)(n) :=
1
π
∑
k∈Z
k 6=n
x(k)
k − n
, x ∈ E(Z).
We shall be referring to the space F (Z) as the optimal range space for the
operator Hd restricted to the domain E(Z) ⊂ ℓlog(Z), where ℓlog(Z) is the Lorentz
space of sequences associated with the function log(1+ t), t > 0. Later we will show
that the maximal symmetric domain forHd is the space ℓlog(Z) (see Remark 3). The
class of symmetric Banach spaces E of sequences with Fatou norm (that is, when the
norm closed unit ball BE of E is closed in E with respect to the almost everywhere
convergence) such that Hd(E) ⊆ E was characterized by K. Anderson [1, Theorem
3] (see [3, Theorem 2.1] for the continuous case). A careful analysis of their proofs
actually shows that the just cited result characterize the class of all symmetric
Banach sequence spaces E = E(Z) with the Fatou norm such that the optimal
range for the operator Hd coincides with E. Nowadays, such a characterization
is customarily stated in terms of the so-called Boyd indices [2, 9, 10] and may be
viewed as a satisfactory resolution of the Problem 1 in the case of symmetric spaces
E possessing non-trivial Boyd indices. However, the problem remains open if we
deal with a symmetric space E whose (at least) one Boyd index happens to be
trivial. If we restrict our attention to the subclass of symmetric Banach spaces E
with Fatou norm reduces to a familiar problem settled by D. Boyd [3] in 1967, and
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K. Anderson [1] in 1976 for discrete case. Indeed, in this special case [1, Theorem
3] asserts that Hd : E(Z) → F (Z) if and only if Sd : E(Z+) → F (Z+), where the
operator Sd, known as the Caldero´n operator, is defined by the formula
(Sdx)(n) =
1
n+ 1
n∑
k=0
x(k) +
∞∑
k=n+1
x(k)
k
, x ∈ ℓlog(Z+).
Effectively, the problem reduces to describing the optimal receptacle of the operator
Sd.
Consider the case when E = ℓp, 1 < p < ∞. By Hardy’s inequality, S
d :
ℓp(Z+) → ℓp(Z+) and [1, Theorem 3] yields that H
d : ℓp(Z) → ℓp(Z). Now, if
E is a Banach interpolation space for the couple (ℓp, ℓq), 1 < p < q < ∞, then
Hd : E(Z)→ E(Z). A careful inspection of the proof in [1] yields that, in this case,
E(Z) is the optimal receptacle for Hd restricted on E(Z). A similar assertion for
the symmetric sequence spaces with Fatou norm can be extracted from [1, Theorem
3].
In the case p = 1, Komori’s result [8] (Kolmogorov’s result in the continuous
case [7]) asserts that the operator Hd maps the symmetric Banach sequence space
ℓ1(Z) to the symmetric quasi-Banach sequence space ℓ1,∞(Z). From this, one might
guess that, for E = ℓ1(Z), the optimal range of H
d is ℓ1,∞(Z), which strongly
suggests that the natural setting for Problem 1 is that of symmetric quasi-Banach
spaces. Addressing precisely this framework, one of our main results, Theorem
6 provides a complete description of the optimal range F for a given symmetric
quasi-Banach space E (under a mild technical assumption that E(Z+) ⊂ ℓlog(Z+).
It should be pointed out that our results allow a substantial extension of Anderson’s
and Komori’s results cited above thereby complementing [1, Theorem 3] and [8,
Theorem].
The structure of this paper is as follows. Section 2 recalls the necessary theory on
symmetric quasi-Banach sequence spaces. In Section 3, we define the optimal range
for the discrete Caldero´n operator among the symmetric quasi-Banach sequence
spaces. It is also shown the same result for the discrete Hilbert transform Hd in
this section. Similar constructions were investigated in [13, 14] for the Hardy and
Hardy type operators in continuous case. As an application of the main result, we
show an example of optimal range for the Caldero´n operator and Hilbert transform
when their domain is ℓ1,∞ space of sequences.
2. Preliminaries
2.1. Symmetric quasi-Banach sequence spaces. Let I = Z+ (resp. Z), where
Z+ := {0, 1, 2, ...} (resp. Z = {...−2,−1, 0, 1, 2, ...}, and let (I, ν) be a measure space
equipped with counting measure ν. Let L(I) be the space of finite ν-a.e., measurable
sequencess (with identification ν a.e.) on I. Define L0(I, ν) (or L0(I)) as the
subalgebra of L(I) which consists of all sequences x such that ν({|x| > s}) is finite
for some s. For x ∈ L0(I), we denote by µ(x) the decreasing rearrangement of the
sequence |x|, which is the sequence |x| = {|x(n)|}n≥0 rearranged to be in decreasing
order. If I = Z+ (resp. Z) and ν is the counting measure, then L0(I) = ℓ∞(I),
where ℓ∞(I) denotes the space of all bounded sequences on I. Briefly we denote
ℓ∞(I) by ℓ∞.
Definition 2. We say that (E, ‖ · ‖E) is a symmetric (quasi-)Banach sequence
space on I if the following hold:
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(i) E is a subset of ℓ∞;
(ii) (E, ‖ · ‖E) is a (quasi-)Banach space;
(iii) If x ∈ E and y ∈ ℓ∞ are such that |y| ≤ |x|, then y ∈ E and ‖y‖E ≤ ‖x‖E ;
(iv) If x ∈ E and y ∈ ℓ∞ are such that µ(y) = µ(x), then y ∈ E and ‖y‖E = ‖x‖E.
For the general theory of symmetric spaces of functions and sequences, we refer
the reader to [2, 9, 10].
The discrete dilation operators σm, m ∈ N, on ℓ∞(Z+) is defined by
σm(x) := {x(0), x(0), ..., x(0)︸ ︷︷ ︸
m terms
, x(1), x(1), ..., x(1)︸ ︷︷ ︸
m terms
, ..., x(n), x(n), ..., x(n)︸ ︷︷ ︸
m terms
, ...}.
It is obvious that the dilation operator σm is continuous in ℓ∞(Z+) (see [9, Chapter
II.3, p. 96]).
2.2. Lorentz sequence spaces. Let ϕ be an increasing concave function on R+
such that limt→0+ ϕ(t) = 0. The Lorentz sequence space ℓϕ(I) is defined by setting
ℓϕ(I) :=
{
x ∈ ℓ∞(I) : ‖x‖ℓϕ =
∞∑
n=0
µ(n, x)(ϕ(n + 1)− ϕ(n)) <∞
}
,
and equipped with the norm
(2.1) ‖x‖ℓϕ =
∞∑
n=0
µ(n, x)(ϕ(n + 1)− ϕ(n)).
These spaces are examples of symmetric Banach sequence spaces. In particular,
if ϕ(t) := log(1 + t), t > 0, then the Lorentz sequence space ℓlog(I) is defined as
follows:
ℓlog(I) :=
{
x ∈ ℓ∞(I) : ‖x‖ℓlog =
∞∑
n=0
µ(n, x)
n+ 1
<∞
}
.
For more details on Lorentz spaces, we refer the reader to [2, Chapter II.5] and [9,
Chapter II.5].
2.3. Weak ℓ1 and m1,∞ spaces. The weak-ℓ1 sequence space ℓ1,∞ on I is defined
as
ℓ1,∞(I) :=
{
x ∈ ℓ∞(I) : µ(n, x) = O
(
1
1 + n
)}
,
equipped with the functional ‖ · ‖ℓ1,∞ defined by the formula
‖x‖ℓ1,∞ := sup
n∈Z+
(n+ 1)µ(n, x).
It is easy to see that ‖ · ‖ℓ1,∞ is a quasi-norm. In fact, the space (ℓ1,∞, ‖ · ‖ℓ1,∞) is
quasi-Banach. (see [11, Example 1.2.6, p. 24]).
Define the Marcinkiewicz (or Lorentz) space m1,∞(I) by setting
(2.2) m1,∞(I) :=
{
x ∈ ℓ∞(I) : sup
n∈Z+
1
log(2 + n)
n∑
k=0
µ(k, x) <∞
}
equipped with the norm
‖x‖m1,∞ := sup
n∈Z+
1
log(2 + n)
n∑
k=0
µ(k, x)
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(see [11, Example 1.2.7, p. 24]). This is an example of a symmetric Banach sequence
space. For more information on Marcinkiewicz spaces we refer to [2, Chapter II.5]
and [9, Chapter II.5].
Moreover, the space m1,∞ contains the quasi-Banach space ℓ1,∞ of sequences,
i.e. the following inclusion
ℓ1,∞ ⊂ m1,∞
is strict (see [11, Lemma 1.2.8 and Example 1.2.9, pp. 25-26]).
2.4. Discrete Caldero´n operator and Hilbert transform. Define the space
(ℓ1,∞ + ℓ∞)(I) as follows:
(ℓ1,∞ + ℓ∞)(I) := {x = x1 + x2 : x1 ∈ ℓ1,∞(I), x2 ∈ ℓ∞(I), ‖x‖ℓ1,∞+ℓ∞ <∞},
where the quasi-norm is defined by
‖x‖ℓ1,∞+ℓ∞ := inf{‖x1‖ℓ1,∞ + ‖x2‖ℓ∞ : x1 ∈ ℓ1,∞(I), x2 ∈ ℓ∞(I)}.
For each x ∈ ℓlog(Z+), define the discrete Caldero´n operator S : ℓlog(Z+)→ (ℓ1,∞+
ℓ∞)(Z+) by
(2.3) (Sdx)(n) :=
1
n+ 1
n∑
k=0
x(k) +
+∞∑
k=n+1
x(k)
k
, x ∈ ℓlog(Z+).
It is obvious that Sd is a linear operator. Next, it is easy to see that if 0 < n < n0,
then
min
(
1,
m
n0
)
≤ min
(
1,
m
n
)
≤
n0
n
·min
(
1,
m
n0
)
, (m > 0).
So, if x is nonnegative, it follows from the first of these inequalities that (Sdx)(n) is
a decreasing function of n ≥ 0. The operator Sd is often applied to the decreasing
rearrangement µ(x) of a function x defined on some other measure space. Since
Sdµ(x) is itself decreasing, it is easy to see that µ(Sdµ(x)) = Sdµ(x). Let x ∈
ℓlog(Z+). Since for each n ≥ 0, the kernel Kn(k) =
1
k
·min
{
1, k
n+1
}
is a decreasing
sequence of k > 0, it follows from [2, Theorem II.2.2, p. 44] that
|(Sdx)(n)|
(2.3)
=
∣∣∣ ∞∑
k=0
x(k)min
{
1,
k
n+ 1
}1
k
∣∣∣
≤
∞∑
k=0
|x(k)|min
{
1,
k
n+ 1
} 1
k
≤
∞∑
k=0
µ(k, x)min
{
1,
k
n+ 1
}1
k
(2.3)
= (Sdµ(x))(n), ∀n ∈ Z+.
(2.4)
For more information about these operators, we refer to [2, Chapter III] and [9,
Chapter II].
If x ∈ ℓlog(Z), then the discrete Hilbert transform H
d is defined as in [1] by
(2.5) (Hdx)(n) :=
1
π
∑
k∈Z
k 6=n
x(k)
n− k
, x ∈ ℓlog(Z).
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Remark 3. Let x = xχ[0,∞) such that x is a non-negative decreasing sequence on
Z+. Then it is easy to see that
|(Hdx)(−n)|
(2.5)
=
1
π
∣∣∣∣∣
∞∑
k=0
x(k)
−n− k
∣∣∣∣∣
=
1
π
∞∑
k=0
x(k)
n+ k
=
1
π
(
n∑
k=0
x(k)
n+ k
+
∞∑
k=n+1
x(k)
n+ k
)
≥
1
π
(
n∑
k=0
x(k)
2(n+ 1)
+
∞∑
k=n+1
x(k)
2k
)
=
1
2π
·
(
1
n+ 1
n∑
k=0
x(k) +
∞∑
k=n+1
x(k)
k
)
(2.3)
=
1
2π
(Sdx)(n), n ∈ Z+,
i.e. we have
1
2π
(Sdµ(x))(n) ≤ |(Hdx)(−n)|, n ∈ Z+.
Therefore, if (Hdx)(−n) exists, then it follows that Sdµ(x) exists, and it means x
belongs to the domain of Sd, i.e. x ∈ ℓlog(Z+) (see (2.3)). On the other hand, if
x ∈ ℓlog(Z+), then by [2, Theorem III.4.8, p. 138], we have
µ(Hdx) ≤ cabsS
dµ(x),
which shows existence of Hdx.
3. Optimal symmetric quasi-Banach range for the discrete Caldero´n
operator and Hilbert transform
In this section, we describe the optimal symmetric quasi-Banach sequence range
spaces for the discrete Caldero´n operator Sd and Hilbert transform Hd. A contin-
uous version of the following lemma was proved in [16], here we use the discrete
version of it.
Lemma 4. Let {xk}
∞
k=1 ⊂ ℓ∞(Z+), where xk = {xk(n)}n∈Z+ . If the series
∞∑
k=1
σ2kµ
(
n, xk
)
converges almost everywhere (a.e.) in ℓ∞(Z+), for all n ∈ Z+, then the series∑∞
k=1 xk converges in measure in ℓ∞(Z+) and we have
(3.1) µ
(
n,
∞∑
k=1
xk
)
≤
∞∑
k=1
σ2kµ(n, xk), n ∈ Z+.
Proof. Fix ε, δ > 0, and choose N = N(ε, δ) such that
(3.2)
(
∞∑
k=N
σ2kµ(xk)
)
(ε) < δ.
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Then, for any N1, N2 ≥ N and by (2.23) in [9, Corollary II.2, p. 67] and (3.2), we
have
µ
(
ε,
N2∑
k=N1+1
xk
)
= µ
(
ε ·
∑N2
k=N1+1
2−k∑N2
m=N1+1
2−m
,
N2∑
n=N1+1
xk
)
(2.23)
≤
N2∑
k=N1+1
µ
(
ε ·
2−k∑N2
m=N1+1
2−m
, xk
)
≤
N2∑
k=N1+1
µ(ε · 2N1−k, xk)
≤
∞∑
k=N
µ(ε · 2−k, xk) =
(
∞∑
k=N
σ2kµ(xk)
)
(ε)
(3.2)
< δ.
(3.3)
Let us denote aN1(n) =
∑N1
k=1 xk(n) and aN2(n) =
∑N2
k=1 xk for all n ∈ Z+. Then,
by the preceding inequality for any N1, N2 ≥ N, we obtain
aN2(n)− aN1(n) ∈ U(ε, δ) := {x ∈ ℓ∞(Z+) : m({|x| > δ}) < ε},
which shows that {ak}
∞
k=1 is a Cauchy sequence in measure in ℓ∞(Z+). Since
ℓ∞(Z+) is complete in measure topology, it follows that the series
∑∞
k=1 xk(n)
converges in measure for all n ∈ Z+. Therefore, since the decreasing rearrangement
µ is continuous from the right, it follows from (3.3) that
µ
(
n,
∞∑
k=1
xk
)
≤
∞∑
k=1
σ2kµ(n, xk), n ∈ Z+.

Definition 5. Let E be a quasi-Banach symmetric sequence space on Z+. Let
E(Z+) ⊂ ℓlog(Z+) and let S
d be the operator defined in (2.3). Define
F (Z+) := {x ∈ (ℓ1,∞ + ℓ∞)(Z+) : ∃y ∈ E(Z+), µ(x) ≤ S
dµ(y)}
such that
(3.4) ‖x‖F (Z+) := inf{‖y‖E(Z+) : µ(x) ≤ S
dµ(y)} <∞.
The following is the main result of this section.
Theorem 6. Let E be a quasi-Banach symmetric sequence space on Z+. If E(Z+) ⊂
ℓlog(Z+), then
(i) (F (Z+), ‖ · ‖F (Z+)) is a quasi-Banach space.
(ii) Moreover, (F (Z+), ‖ · ‖F (Z+)) is the optimal symmetric quasi-Banach range
for the operator Sd on E(Z+).
First we need the following Lemma.
Lemma 7. Let E be a quasi-Banach symmetric sequence space on Z+. If E(Z+) ⊂
ℓlog(Z+), then the space F (Z+) given in Definition 5 is a linear space.
Proof. For j = 1, 2, let xj ∈ F (Z+), where xj = {xj(n)}n∈Z+ , and αj be any scalars
from the field of complex numbers. Then by the Definition 5 of F (Z+), there exist
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corresponding yj ∈ E(Z+) such that µ(n, xj) ≤ (S
dµ(yj))(n), n ∈ Z+. Therefore,
for any xj ∈ F (Z+) and αj , by [2, Proposition II.1.7, p. 41], we have
µ(α1x1 + α2x2) ≤ σ2µ(α1x1) + σ2µ(α2x2) = |α1| · σ2µ(x1) + |α2| · σ2µ(x2)
≤ |α1| · σ2
(
Sd(µ(y1))
)
+ |α2| · σ2
(
Sd(µ(y2))
)
= Sd(|α1| · σ2µ(y1)) + S
d(|α2| · σ2µ(y2))
= Sd(|α1| · σ2µ(y1) + |α2| · σ2µ(y2)).
(3.5)
Since E(Z+) is linear space and |α1| · σ2µ(y1) + |α2| · σ2µ(y2) ∈ E(Z+), it follows
that α1x1 + α2x2 ∈ F (Z+). Thus, F (Z+) is a linear space. 
Lemma 8. Let E be a quasi-Banach symmetric space on Z+. If E(Z+) ⊂ ℓlog(Z+),
then the space F (Z+) defined in Definition 5 is a quasi-normed space equipped with
(3.4).
Proof. Let us prove that the expression
‖x‖F (Z+) := inf{‖y‖E(Z+) : ∃y ∈ E(Z+), µ(x) ≤ S
dµ(y)}
defines a quasi-norm in F (Z+). Clearly, if x = 0, then, by (3.4), ‖x‖F (Z+) = 0,
and for every scalar α, we have ‖αx‖F (Z+) = |α| · ‖x‖F (Z+). We shall prove the
non-trivial part. If ‖x‖F (Z+) = 0, then there exists yk (k ∈ N) in E(Z+) with
µ(x) ≤ Sdµ(yk) such that ‖yk‖E(Z+) → 0, as k → ∞. By assumption, we have
that Sd : E(Z+) → (ℓ1,∞ + ℓ∞)(Z+) (see 2.3). Since S
d is a positive operator
(see [2, Chapter III, p. 134]), it follows from [12, Proposition 1.3.5, p. 27] that
Sd : E(Z+)→ (ℓ1,∞+ ℓ∞)(Z+) is bounded. Hence, ‖S
dµ(yk)‖(ℓ1,∞+ℓ∞)(Z+) → 0 as
k →∞. From the condition µ(x) ≤ Sdµ(yk), for every k ∈ N, we have
‖µ(x)‖(ℓ1,∞+ℓ∞)(Z+) ≤ ‖S
dµ(yk)‖(ℓ1,∞+ℓ∞)(Z+) → 0,
which shows that x = 0.
Let us prove that ‖·‖F (Z+) satisfies the quasi-triangle inequality. For j = 1, 2, let
xj ∈ F (Z+), and fix ε > 0. Then there exist yj ∈ E(Z+) with µ(xj) ≤ S
dµ(yj) and
‖yj‖E(Z+) < ‖xj‖F (Z+) + ε. Hence, from (3.4) and since ‖ · ‖E(Z+) is a quasi-norm,
it follows from (3.5) and [15, Remark 18] that
‖x1 + x2‖F (Z+) ≤ ‖σ2µ(y1) + σ2µ(y2)‖E(Z+) = ‖σ2 (µ(y1) + µ(y2)) ‖E(Z+)
≤ 2 · cE‖µ(y1) + µ(y2)‖E(Z+) ≤ 2 · c
2
E
(
‖y1‖E(Z+) + ‖y2‖E(Z+)
)
and by choice of y1, y2 ∈ E(Z+)
‖x1 + x2‖F (Z+) ≤ 2 · c
2
E
(
‖x1‖F (Z+) + ‖x2‖F (Z+)
)
+ 4c2E · ε.
Since ε is arbitrary, letting ε → 0, we obtain that ‖ · ‖F (Z+) defines a quasi-norm.
Thus, (F (Z+), ‖ · ‖F (Z+)) is a linear quasi-normed space. 
Now we are ready to prove Theorem 6.
Proof of Theorem 6. By Lemma 7 and 8, (F (Z+), ‖·‖F (Z+)) is a linear quasi-normed
space.
First, we prove that F (Z+) is a quasi-Banach space. To show that F (Z+) is
a quasi-Banach space, it remains to see that it is complete. Since the dilation
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operator is bounded in any quasi-Banach symmetric space (see [4, Proposition 2
(c)]), it follows that there is a constant cE depending on E such that
(3.6) ‖σ2ky‖E(Z+) ≤ c
k
E‖y‖E(Z+)
(see [15, Remark 18]) for all y ∈ E(Z+) and k ∈ N. On the other hand, since E(Z+)
is quasi-Banach symmetric space, it follows from Aoki-Rolewicz theorem that every
quasi-normed space (such as E(Z+)) is metrizable (see [6, Theorem 1.3]) and there
exists 0 < p < 1, such that
‖y1 + y2‖
p
E(Z+)
≤ ‖y1‖
p
E(Z+)
+ ‖y2‖
p
E(Z+)
for all y1, y2 ∈ E(Z+). We have to show that an arbitrary Cauchy sequence in
F (Z+) converges to an element from F (Z+). Fix such a sequence {xk}
∞
k=1 ⊂ F (Z+).
Without loss of generality, assume that for ε < c−1E , we have
‖xk+1 − xk‖F (Z+) ≤ ε
k
and
µ(xk+1 − xk) ≤ S
dµ(yk)
such that ‖yk‖E(Z+) ≤ 2 · ε
k. Let us show that the series
∑∞
k=1 σ2kµ(xk+1 − xk)
converges a.e. Since Sd is linear and commutes with the dilation operator, it follows
that
∞∑
k=1
σ2kµ(xk+1 − xk) ≤
∞∑
k=1
σ2kS
dµ(yk) =
∞∑
n=1
Sd(σ2nµ(yn)) = S
d
(
∞∑
k=1
σ2kµ(yk)
)
.
(3.7)
Hence, ∥∥∥∥∥
∞∑
k=1
σ2kµ(yk)
∥∥∥∥∥
p
E(Z+)
≤
∞∑
k=1
‖σ2kµ(yk)‖
p
E(Z+)
(3.6)
≤
∞∑
k=1
c
kp
E ‖yk‖
p
E(Z+)
≤
∞∑
k=1
(cE · ε)
kp <∞.
Therefore, the series
∑∞
k=1 σ2kµ(yk) converges in a.e. in E(Z+). Since S
d is continu-
ous on E(Z+) by assumption, it follows from (3.7) that the series
∑∞
k=1 σ2kµ(xk+1−
xk) belongs to F (Z+). Then, by Lemma 4, the series
∑∞
k=1(xk+1 − kn) converges
in measure and belongs to F (Z+), and we have
‖x− x1‖F (Z+) =
∥∥∥∥∥
∞∑
k=1
(xk+1 − xk)
∥∥∥∥∥
F (Z+)
(3.1)
≤
∥∥∥∥∥
∞∑
k=1
σ2kµ(xk+1 − xk)
∥∥∥∥∥
F (Z+)
<∞.
This shows that x ∈ F (Z+). So, F (Z+) is complete. On the other hand, since
‖x‖F (Z+) = ‖µ(x)‖F (Z+), it follows that F (Z+) is a symmetric space of sequences.
So, the space (F (Z+), ‖ · ‖F (Z+)) is a quasi-Banach symmetric sequence space.
Next, we prove second part of the theorem. First we need to show that Sd :
E(Z+)→ F (Z+) is bounded. Indeed, let x ∈ E(Z+). By (2.4), we obtain
‖Sdx‖F (Z+) = inf{‖y‖E(Z+) : µ(S
dx) ≤ Sdµ(y)} ≤ ‖x‖E(Z+).
Since x ∈ E(Z+) is arbitrary, it follows that S
d : E(Z+)→ F (Z+) is bounded.
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Now, suppose that G(Z+) is another symmetric quasi-Banach sequence space
such that Sd : E(Z+)→ G(Z+) is bounded, and let us show that F (Z+) ⊂ G(Z+).
If x ∈ F (Z+), then there is y ∈ E(Z+) such that µ(x) ≤ S
dµ(y). Hence, we have
‖x‖G(Z+) ≤ ‖S
dµ(y)‖G(Z+) ≤ ‖S
d‖E(Z+)→G(Z+)‖y‖E(Z+).
which implies via taking infimum over all such y’s, we obtain
‖x‖G(Z+) ≤ ‖S
d‖E(Z+)→G(Z+)‖x‖F (Z+),
which means F (Z+) ⊂ G(Z+). Thus, F (Z+) is the minimal space among symmetric
quasi-Banach sequence spaces. This completes the proof. 
Remark 9. The space F given in the Definition 5 is defined similarly on Z, and
by repeating the same method as in the Theorem 6 (i), it becomes a symmetric
quasi-Banach space.
The following result provides a solution to the Problem 1.
Theorem 10. Let the assumptions of the Theorem 6 hold. Then, so defined space
F (Z) is the optimal range for the Hilbert transform Hd on E(Z).
Proof. It follows from the Theorem 6 (i) and Remark 9 that F (Z) is a quasi-Banach
symmetric space of sequences. Let us show that Hd : E(Z) → F (Z) is bounded.
Since Sd : E(Z)→ F (Z) is bounded by Theorem 6 (ii), it follows from the discrete
version of [2, Theorem III. 4.8, p. 138] that Hd : E(Z) → F (Z) is bounded. Now,
suppose that G(Z) is another symmetric quasi-Banach sequence space such that
Hd : E(Z) → G(Z) is bounded, and let us show that F (Z) ⊂ G(Z). If x ∈ E(Z+),
then by [2, Proposition III. 4.10, p. 140] (here we again use discrete version) there
is a function y ∈ E(Z) equimeasurable with x such that Sdµ(x) ≤ 2µ(Hdy). Then
‖Sdµ(x)‖G(Z+) ≤ 2‖µ(Hy)‖G(Z+) = 2‖Hy‖G(Z)
≤ cabs‖y‖E(Z) = cabs‖x‖E(Z+),
which shows that
Sd : E(Z+)→ G(Z+)
is bounded. But, since F (Z+) is the least space such that S
d : E(Z+) → F (Z+)
(see Theorem 6 (ii)), it follows that F (Z) ⊂ G(Z). This completes the proof. 
A non-commutative extension of the following result was proved in [16, Propo-
sition 35].
Proposition 11. Let E(Z+) = ℓ1,∞(Z+), then
F (Z+) =
{
a ∈ (ℓ1,∞ + ℓ∞)(Z+) : ∃ca, µ(n, a) ≤ ca
log(n+ 2)
n+ 1
, n ∈ Z+
}
.
Indeed, if µ(k, a) = 1
k+1 , k ∈ Z+, then by (2.3), we have
(Sdµ(a))(n) :=
1
n+ 1
n∑
k=0
1
k + 1
+
∞∑
k=n+1
1
k(k + 1)
and
(Sdµ(a))(n) ≈
log(n+ 1)
n+ 1
for large n, where the symbol A ≈ B indicates that there exists universal positive
constants c1, c2 independent of all important parameters, such that A ≤ c1B and
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B ≤ c2A. Therefore, if E(Z+) = ℓ1,∞(Z+), then the optimal range for the discrete
Caldero´n operator Sd is
F (Z+) = {a ∈ (ℓ1,∞ + ℓ∞)(Z+) : ∃ca, µ(n, a) ≤ ca
log(n+ 2)
n+ 1
, n ∈ Z+},
where ca is a constant depending only on the sequence a.
Remark 12. It follows from the Theorem 10 and previous result that if E(Z) =
ℓ1,∞(Z), then the optimal range for the discrete Hilbert transform H
d is F (Z), which
is defined as in the Proposition 11.
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